This paper presents the analytical and numerical solutions for a rotating variable-thickness solid disk. The outer edge of the solid disk is considered to have free boundary conditions. The governing equation is derived from the basic equations of the rotating solid disk and it is solved analytically or numerically using finite difference algorithm. Both analytical and numerical results for the distributions of stress function and stresses of variable-thickness solid disks are obtained. Finally, the distributions of stress function and stresses are presented and the appropriate comparisons and discussions are made at the same angular velocity.
INTRODUCTION
The theoretical and experimental investigations on the rotating solid disks have been widespread attention due to the great practical importance in mechanical engineering. Rotating disks have received a great deal of attention because of their widely used in many mechanical and electronic devices. They have extensive practical engineering application such as in steam and gas turbines, turbo generators, flywheel of internal combustion engines, turbojet engines, reciprocating engines, centrifugal compressors and brake disks. The problems of rotating solid disks have been performed under various interesting assumptions and the topic can be easily found in most of the standard elasticity books [1, 2] . For a better utilization of the material, it is necessary to allow variation of the effective material or thickness properties in one direction of the solid disk.
The problems of rotating variable-thickness solid disks are rare in the literature. Most of the research works are concentrated on the analytical solutions of rotating isotropic disks with simple cross-section geometries of uniform thickness and specifically variable thickness. The solution of a rotating solid disk with constant thickness is obtained by Gamer [3, 4] taking into account the linear strain hardening material behavior. The inelastic and viscoelastic deformations of rotating variablethickness solid disks have been presented in the literature [5] [6] [7] [8] . Eraslan [5] , and Eraslan and Orcan [6] have analytically studied rotating disks of exponentially varying thickness and of linearly strain hardening material. Eraslan [7] has presented the stress distributions in elastic-plastic rotating disks with elliptical thickness profiles using Tresca and von Mises criteria. Zenkour and Allam [8] have developed analytical solution for the analysis of deformation and stresses in elastic rotating viscoelastic solid and annular disks with arbitrary crosssections of continuously variable thickness.
As many rotating components in use have complex cross-sectional geometries, they cannot be dealt with using the existing analytical methods. Numerical methods, such as the finite element method [9] , the boundary element method [10] and Runge-Kutta's algorithm [11] , can be applied to cope with these rotating components. You et al. [11] have numerically studied rotating solid disks of uniform thickness and constant density as well as annular disks of variable thickness and variable density. In a recent paper, Zenkour and Mashat [12] have presented both analytical and numerical solutions for the analysis of deformation and stresses in elastic rotating disks with arbitrary cross-sections of continuously variable thickness.
In this article, a unified governing equation is firstly derived from the basic equations of the rotating variablethickness solid disk and the proposed stress-strain relationship. The analytical solution for rotating solid disk with arbitrary cross-section of continuously variable thickness is presented. Next, the finite difference method
BASIC EQUATIONS
As the effect of thickness variation of rotating solid disks can be taken into account in their equation of motion, the theory of the variable-thickness solid disks can give good results as that of uniform-thickness disks as long as they meet the assumption of plane stress. The present solid disk is considered as a single layer of variable thickness. After considering this effect, the equation of motion of rotating disks with variable thickness can be written as
where r  and   are the radial and circumferential stresses, h is the variable thickness of the disk, r is the radial coordinate,  is the material density of the rotating solid disk and  is the constant angular velocity.
The relations between the radial displacement u and the strain components are irrespective of the thickness of the rotating solid disk. They can be written as
where r  and   are the radial and circumferential strains, respectively. The above geometric relations lead to the following condition of deformation harmony:
For the elastic deformation, the constitutive equations for the variable-thickness solid disk can be described with Hooke's law , ,
where E is Young's modulus and  is Poisson's ratio. Introducing the stress function  and assuming that the following relations hold between the stresses and the stress function
Substituting Eq.5 into Eq.4, one obtains 2 2 2 2
FORMULATION AND ANALYTIC ELASTIC SOLUTION
The substitution of Eq.6 into Eq.3 produces the following confluent hypergeometric differential equation for the stress function ( ) : r
The boundary conditions for the rotating solid disk are
The thickness of the solid disk is assumed to vary nonlinearly through the radial direction. It is assumed to be in terms of a simple exponential power law distribution according to the following case:
where 0 h is the thickness at the middle of the disk, n and k are geometric parameters and b is the outer radius of the disk (see Figure 1) . The value of n equal to zero represents a uniform-thickness solid disk while the value of k equal to unity represents a linearly decreasing variable-thickness solid disk. For small k and large n (k = 0.7 or 1.5 and n = 2) the profile of the solid disk is concave while it is convex for large k and small n (k = 2.5 and n = 0.5). It is to be noted that the parameter n determines the thickness at the outer edge of the solid disk relative to 0 h while the parameter k determine the shape of the profile.
Introducing the following dimensionless forms:
, .
Then, Eq.7 may be written in the following simple form
The general solution of the above equation can be written as 
In addition, the function
 
F R is given in terms of Whittaker's functions by
The substitution of Eq.12 into Eq.5 with the aid of the dimensionless forms given in Eq.10 gives the radial and circumferential stresses in the following forms:
Here, the first derivative of the stress function   R  with respect to R may be given easily by using Eq.12.
Note that the first derivatives of Whittaker's functions  may be determined completely after applied the dimensionless of the boundary conditions given in Eq.8.
FINITE DIFFERENCE ALGORITHM
The resolution of the elastic problem of rotating solid disk with variable thickness is to solve a second-order differential equation, Eq.11, under the given boundary
  . Eq.11 can be written in the following general form:
where the prime ( )  denotes differentiation with respect to R and 
If we apply the centered difference approximations of
to Eq.21, we arrive at the system (see Eq.22):
The N equations, together with the boundary conditions 
The solution of the finite difference discretization of the two-point linear boundary value problem can therefore be found easily even for very small mesh sizes.
NUMERICAL EXAMPLES AND DISCUSSION
Some numerical examples for the rotating variablethickness solid disks will be given according the ana- The results of the present investigations for the stress function  are reported in Table 1 Table 2 shows that all extrapolations results are correct to the decimal places listed. In fact, if sufficient digits are maintained, the approximation of 4 Ext i gives results those agree with the exact solution with maximum difference error of at some of the mesh points. Additional results for the stress function  are reported for rotating variable-thickness solid disk with k = 0.7 and n = 2 in Table 3 and with k = 1.5 and n = 2 in Table 4 . Once again, the FDM gives results compared well with the exact analytical solution, especially for small values of R  . Now the least square method and curve fitting are used for the discrete results of the stress function  . So, one can get easily the radial and circumferential stresses Table 3 . Dimensionless stress function  of a rotating variable-thickness solid disk (k = 0.7, n = 2). Table 4 . Dimensionless stress function  of a rotating variable-thickness solid disk (k = 1.5, n = 2). Figure 2 . The numerical FDM solution is compared with the exact analytical solution for the rotating variable-thickness solid disk with k = 2.5 and n = 0.5. It can be seen that the FDM can describe the stress function and stresses through the thickness of the rotating solid disk very well enough.
For the sake of completeness and accuracy, additional results for the stress function and stresses are presented in Figures 3-5 for different values of the geometric parameters k and n. Figure 3 shows the stress function  through the radial direction of the rotating solid disk with k = 2.5, n = 0.5; k = 0.7, n = 2 and k = 1.5, n = 2. Similar results for the radial 1  and the circumferential 2  stresses are plotted in Figures 4 and 5. Figure 3 shows that the stress function  increases as k increases and this irrespective of the value of n (see also  Tables 3 and 4) . Figures 4 and 5 show that k = 2.5, n = 0.5 gives the largest stresses. The intersection of the two cases k = 0.7, n = 2 and k = 1.5, n = 2 may be occurred at R = 0.1 for the radial stress and at R = 0.15 for the circumferential stress. It is clear that, the FDM gives stress function and, consequently, stresses with excellent accuracy with the exact analytical solution. In most cases of rotating variable-thickness solid disks, the analytical solutions are not available. In these cases, one can trustily use the present FDM solutions.
CONCLUSIONS
The rotating solid disk with variable thickness is treated herein. By introducing a suitable stress function, the governing equation is derived from the equation of motion of rotating disk, compatibility equation and the proposed stress-strain relationship. Both the analytical and numerical solutions are presented. The calculation of the rotating solid disk is turned into finding the solution of a second-order differential equation under the given conditions at the center and the outer edge of the disk. The numerical solution is based upon the finite difference method. The governing equation is solved analytically with the help of Whittaker's functions and a number of numerical examples are studied. The results of the two solutions at different disk configurations are compared. The proposed FDM approach gives very agreeable results to the analytical solution and so it may be used for different problems that analytical solutions are not available.
